We study the chaotic and secular evolution of hierarchical quadruple systems in the 3 + 1 configuration, focusing on the evolution of mutual inclination of the inner binaries as the system undergoes coupled Lidov-Kozai (LK) oscillations. We include short-range forces (SRF; such as those due to tidal and rotational distortions) that control the eccentricity excitation of the inner binary. The evolution of mutual inclination is described, a priori, by two dimensionless parameters, R 0 , the ratio between the inner and outer LK time-scales and SRF , the ratio between the SRF precession and the inner LK precession rates. We find that the chaotic zones for the mutual inclination depend mainly on R 0 , while SRF controls mainly the range of eccentricity excitation. The mutual inclination evolves chaotically for 1 R 0 10, leading to large misalignments. For 0.4 R 0 0.8, the system could be weakly excited and produce bimodal distribution of mutual inclination angles. Our results can be applied to exomoons-planets in stellar binaries and Warm/Hot Jupiters in stellar triples. Such systems could develop large mutual inclination angles if the inner binary is tight enough, and also high eccentricities, depending of the strength of the short-range forces. Future detections of tilted Warm/Hot Jupiters and exomoons could put our mechanism under observational tests.
INTRODUCTION
To date, hundreds of close (e.g. a 1AU) giant planets have been discovered (Wright et al. 2011) , with distant companions evidence of 50% (Knutson et al. 2014 ). This population of close giant planets is commonly divided into Hot Jupiters (HJ) and Warm Jupiters (WJ), with orbital periods P < 10day and P > 10day, respectively. It is believed that HJs and WJs do not form in-situ, but migrate inward by various mechanisms. Disc migration invokes planet-disc interactions (Goldreich & Tremaine 1980; Tanaka et al. 2002) , while high-e involved eccentricity excitation due to an additional planetary or stellar companion and tidal dissipation (e.g. Rasio & Ford 1996; Weidenschilling & Marzari 1996; Kiseleva et al. 1998a; Eggleton & Kiseleva-Eggleton 2001a; Wu & Murray 2003; Fabrycky & Tremaine 2007; Jurić & Tremaine 2008; Wu & Lithwick 2011; Petrovich 2015a,b; see Muñoz et al. 2016 for discussion and references). While HJs are mostly circular, WJs have moderate eccentricities, e 0.2 , thus high-e migration is more prominent for WJs.
Moons are common in the Solar System. Various surveys and detection techniques have been proposed for exomoon discoveries (Kipping 2009; Simon et al. 2010; Forgan 2017) . However, contrary to exoplanets, exomoon detections remain elusive (see Heller 2017 for review and references therein). Exomoon occurence is important for understanding the architecture of compact planetary systems (Kane 2017) , early planet formation (Mastrobuono-Battisti et al. 2015; Rufu et al. 2017) , and the history of circumplanetary disks (Canup & Ward 2002; Zanazzi & Lai 2017) .
The dynamics of WJs, exomoons and other systems can be studied in the context of hierarchical systems. In triple hierarchical systems in particular, Lidov-Kozai (LK) oscillations (Lidov 1962; Kozai 1962 ) naturally excite the inclination and eccentricity of the inner binary (Innanen et al. 1997; Holman et al. 1997; Ford et al. 2000; Naoz 2016 ). The importance of triple secular dynamics has been recognised in a plethora of applications (e.g. Kiseleva et al. 1998b; Perets & Fabrycky 2009; Perets & Naoz 2009; Antonini & Perets 2012; Toonen et al. 2016; Grishin et al. 2017; Liu & Lai 2017; Petrovich & Antonini 2017) . Studies on quadruple hierarchical systems are more sparse (Pejcha et al. 2013; Hamers et al. 2015 Hamers & Lai 2017; Fang et al. 2017) , although quadruple systems constitute a considerable fraction of hierarchical stellar systems (Tokovinin 2014a,b) . An exomoon around a giant planet inside a stellar binary is another likely example of quadruple system: Figure 1 sketches the configuration of a 3 + 1 hierarchical quadruple system. Three binaries can be identified; we refer to those with the smallest, intermediate and largest semi-major axes as binary A,B, and C respectively. The qualitative behaviours of quadruple systems has been described in Hamers et al. (2015 ; Hamers & Lai (2017) . In particular, (Hamers et al. 2015) numerically finds chaotic-like behaviour of the innermost binary for similar secular time-scales tAB,0 ≈ tBC,0 (see sec. 2.1 for definition and details). Similar chaotic behaviour is also found in triple systems with inner stellar spin (Storch et al. 2014; Storch & Lai 2015; Storch et al. 2017) , and attributed to so called Chirikov criteria of resonance overlap (Chirikov 1979) . In particular, synchronized circular inner binary of a quadruple system is effectively identical to the misaligned stellar spin case studied in (Storch & Lai 2015 ) (see sec. 3 for details). Thus, the semi-analytical methods of Storch & Lai (2015) are applicable for quadruple systems with low eccentricity. Similar resonances occur when accounting for GR in triple systems leading to chaotic and resonant behavious (Naoz et al. 2013) .
Restriction of low eccentricity naturally applies when other types of forces can affect the inner binary dynamics. Without dissipation, these forces are internal and more effective when the distances between the bodies are small (i.e. short range forces -SRFs). The main effect of SRFs is to induce pericenter and spin vector precession of the binary. This extra precession can quench the LK oscillations and controls the maximum eccentricity (e.g. Fabrycky & Tremaine 2007; Liu et al. 2015) .
In this paper we study the chaotic dynamics of hierarchical 3 + 1 quadruple systems. We focus on the system with binary A being a planet and exomoon around a star (binary B), which in turn is perturbed by another stellar companion (binary C, see Fig. 1 for sketch of the set-up). We study under what conditions an initially aligned binaries A and B will become eccentric and misaligned. Although we focus on such exomoon-planet-companion systems, the results could similarly be applied to WJ/HJ in stellar multiple systems (Hamers 2017a,b; Hamers & Lai 2017) . This paper is organized as follows: In sec. 2 we discuss the timescales and the expected dynamical behaviors of the system, as a function of the relevant dimensionless parameters. In sec. 3 we present the evolution of an inner circular binary. We show the similarities of Storch & Lai (2015) and Hamers et al. (2015) by constructing bifurcation diagrams. In sec. 4 we extend our study to eccentric inner binaries by building 2D bifurcation diagrams. In sec. 5 we discuss the implications, including novel channels for production of misaligned and eccentric exo-moons in binary systems and migrating WJ/HJs in stellar triples. Finally, we summarize in sec. 6.
TIMESCALES AND QUALITATIVE BEHAVIOR
Consider a hierarchical quadruple system, as depicted in Fig. 1 . Although our calculations can be easily adapted to general quadruple systems, we are particularly interested in the dynamics of a planetmoon system inside a stellar binary. Since planets and satellites are formed in circumstellar and circumplanetary discs, respectively, it is natural to consider an initially aligned configuration (LA parallel to LB). However, the stellar companion can be on an inclined orbit, with a significant inclination angle between LB and LC , iBC . Our goal is to understand under what conditions substantial mutual inclination between LA and LB, iAB, could be generated. In order to address this question, we first consider several relevant timescales/rates.
Timescales/Rates for Newtonian point masses
If the four bodies are pure Newtonian point masses, then the dynamical behaviour of the system is determined by the following timescales/rates: i) Precession rate ωAB of binary A around binary B (e.g. LA around LB) due to the external quadrupole. ii) Precession rate ωBA of LB around LA due to the inner quadrupole of binary A. iii) Precession rate of LB around LC due to the outer quadrupole potential produced by m3. The order-of-magnitude expressions for these rates are
where nA = GmA/a 3 A and nB = GmB/a 3 B are the mean motions, mA = m0 + m1 and mB = mA + m2 are the total masses of binaries A and B, respectively, and µA = m0m1/mA is the reduced mass of binary A. The subscript "0" implies that these are the rates for circular and co-planar configurations (i.e. eA = eB = 0 and iAB = iBC = 0). Given these rates, the following qualitative behaviours are expected: i) If ωBA,0 ωBC,0, then LK oscillations of binary B (driven by m3) are quenched due to the inner quadrupole of binary A. For given aA and aC (and the relevant masses), the critical semi-major axis of binary B (also called "Laplace radius of binary B") is (e.g. 
For binary B with a semi-major axis aB rL(B), LK oscillations will be quenched. In this paper we will consider the regime where aB rL(B), ) where we have scaled the mass and separation of the satellite in binary A using the approximate values for Ganymede, the largest and most massive moon of Jupiter.
ii) If ωBA,0 ωBC,0 (i.e. for systems satisfying Eq. 5), then LK oscillations of binary B occur normally with a characteristic timescale tBC,0. In this case the fate of binary A is determined by the adiabatic parameter 1 R0 ≈ tAB,0/tBC,0, i.e. ratio of secular timescales (Eq. 1 and 3). For finite initial eccentricties, Eq. (1) should be multiplied by (1 − e 2 B,0 ) −3/2 , and Eq. (3) by
In this case, the following sub-regimes apply:
ii-a) R0 1: In this "adiabatic" regime, the angular momentum vector LA precesses rapidly around LB and adiabatically follows it as the latter precesses slowly around LC . The misalignment angle iAB is approximately constant.
ii-b) R0 1: In this "non-adiabatic regime", the angular momentum vector LA effectively precesses around LC , with iAC ramaining apprxoimately constant. Binary A could be misaligned with binary B and become eccentric.
ii-c) R0 ∼ 1: In this intermediate regime, a complex chaotic evolution of LA can occur, and binary A can achieve large misalignments and eccentricities.
To demonstrate the dynamical behaviour of each regime, we evolve the secular evolution equations of the system (Appendix A) using the scipy.integrate.odeint python package. Note that the secular approach involves averaging 2 over the fast angle variables on the expanded Hamiltonian, which overlooks short term corrections and dynamical instabilities 3 (Ford et al. 2000; Antonini & Perets 2012; Hamers et al. 2015) . Figure 2 shows the secular evolution of three different systems. Each realization starts with binaries A and B aligned (iAB = 0), and both misaligned to binary C (iAC = iBC = 85
• ). The top left panel shows the adiabatic regime (ii-a), where R0 = 0.05 and 1 The parameter R 0 is related to other adiabatic parameters for studying spin dynamics (replacing binary A by a stellar spin): For example, Storch & Lai (2015) use AD ≡ Ω pl /Ωps e,θ sl =0 where Ω pl is the precession rate of the orbital axis around the fixed outer companion, and Ωps is the stellar spin precession rate. use a related parameter A . The relations are A = (3/4)R −1 0 and AD = R 0 cos i BC,0 . In detailed theoretical analysis, the different parameters have somewhat different significance (see Storch et al. 2017) . 2 The widely used term is double averaging, but strictly speaking, the term is triple averaging for 3 + 1 quadruple systems. 3 Potential consequences include: Forced eccentricities and inclinations and additional short-term corrections (Mardling & Aarseth 2001; Mardling 2008; Luo et al. 2016; Grishin et al. 2017) , mean-motion resonances for circular orbits (Murray & Dermott 1999) , and quasi-resonances of true anomalies during pericenter passage for highly eccentric orbits (D'Onghia et al. 2010 ).
both LA and LB precess around LC , and binary A remains circular and aligned with binary B. The top right panel is the chaotic regime (ii-c), where R0 = 3 and binary A develops very high eccentricity and misalignment with either of the other binaries. The bottom left panel shows the non-adiabatic regime (ii-b), where R0 = 200 and both LA and LB precess around LC . Binary A exhibits LK oscillations on a time-scale tAB. The bottom right panel shows the same run, only for 6000 times of tBC,0. We see that iAC is mostly constant, except when eA approaches unity 4 . In this case the LK oscillations of binary A are 'contaminated' by the precession of binary B around binary C.
Short range forces
Short range forces (SRFs) can strongly influence the behaviour of binary A. SRFs are a result of internal structure of the bodies or general relativistic corrections to Newtonian gravity (e.g. Eggleton & Kiseleva-Eggleton 2001b) . For conservative SRFs, the Hamiltonian approach is valid and results in precession of the pericenter ω. The relevant rates are 5 ωA,SRF =ωA,rot +ω A,tide +ωA,GR
where the different terms account for rotational bulges, tidal bulges and GR correction, respectively. Including the internal structure of m1 only, the rates are given by (e.g. Liu et al. 2015 )
where f (e) ≡ (1+3e 2 /2+e 4 /8)/(1−e 2 ) 5 , rg = GmA/c 2 is the gravitational radius, k2,1 and R1 are the Love number and radius of m1, and J2 is a dimensionless number related to the difference of principal inertia tensor by
In the case of fast rotating planets, the most relevant SRF is the rotational bulge. When the precession time due to SRF is shorter than the secular timescale, tAB,0, the eccentricity excitation in binary A will be quenched. For initially circular binary, this occurs forωA,rot ωAB,0 or for
where rL(A) is the planet's Laplace radius (e.g. Tremaine et al. 2009; Zanazzi & Lai 2017) .
MISALIGNMENT OF CIRCULAR INNER ORBIT
As noted in sec. 2.2, in the presence of a strong precession due to SRF, the orbit of binary A remains circular. In this case the dynamics of iAB reduces to the problem of spin-orbit misalignment in three-body systems (Storch et al. 2014; Storch & Lai 2015; Storch et al. 2017; Anderson et al. 2016 ). The only relevant dimensionless parameter is given in Eq. (6). The nodal precession rate of LA around LB is Figure 3 shows the bifurcation diagram of the misalignment angle iAB as a function of R0. The left and right panels show the results with outer inclinations iBC = 85
• and iBC = 87
• , respectively. Overall, the results are consistent with Fig. 12 of Storch & Lai (2015) and Fig. 7 of Hamers et al. (2015) . Figure 3 shows that while the magnitude of the chaotic excitations may depend on the initial inclination iBC , their locations in the R0-space is approximately invariant. In other words, R0 alone determines the parameter space of chaotic excitations, but their strength depends on iBC as well.
After the transition to chaos, the transition to the non-adiabatic regime (R0 1), where LA effectively precesses around LC , occurs at different locations (R0 ∼ 10, 20 for iBC = 85
• , 87
• , respectively). This transition can be seen where the maximal misalignment peak changes from sharp spikes to smooth envelope at iAB,max ≈ 2iAB,0. It is because the precession rate for LB around LC depends also on cos iBC . For iBC = 87
• , this precession rate is lower and the transition to non-adiabatic regime is somewhat delayed. Note also the somewhat different quasi-periodic librating windows in the non-adiabatic regime transition.
Effect of planet spin
As discussed in sec. 2.2 when aA lies within the Laplace radius (Eq. 10), binary A will remain circular. Since the nodal precession rate of LA around Sp is close to the apsidal precession rateωA,rot, and the nodal precession rate of LA around LB is close to ωAB,0, the orbital angular momentum LA is strongly tied to the planet's spin Sp for aA rL(A). If the spin and the orbital angular momentum are aligned, the total angular momentum is Sp + LA = (Sp + LA)LA, binary A and the spin behave like a rigid body, and both precess around LB with the same prescription as in Eq. (11), but with the frequency ωAB,0 changed to
The bifurcation diagram for this system is the same as Fig. 3 , with the replacement of ωAB,0 by Ωs,AB in the adiabatic parameter R0.
Note that in the limit of Sp → 0, Ωs,AB reduces to ωAB,0, and in the limit where the spin dominates, using Eq. (9) we get
where Ωsp = Sp/(I)1 is the spin frequency, andC = (I)1/m1R 2 1 is the moment of inertia factor (e.g. Eq. 4.113 of Murray & Dermott 1999) .
MISALIGNMENT OF ECCENTRIC INNER ORBIT
Having understood the circular case (eA = 0), we now consider the full problem, where eA is allowed to be non zero. We want to see to what extent the resulting behaviour described in sec. 3 remains valid when eA is non-zero. For concreteness and without loss of generality, we consider only the effects of planet's rotational deformation parametrized by J2. The full equations of motion are given in appendix A.
In the case of eccentric inner binary, there is additional degree of freedom, the inner binary's longitude of pericenter, ωA. The rate of precession of ωA is driven by two processes: i) Precession due to outer quadrupole of binary B with rate ωAB,0 given in Eq. (1).
ii) Precession rate due to the rotational bulge of the planet with rateωA,SRF given in Eq. (8).
The dimensionless parameter which determines the strength of SRF forces compared to the outer quadrupole is
For SRF 1 SRFs are negligible and eA could achieve values very close to unity, while for SRF 1 the SRF precession completely suppresses LK oscillations and eA remains small. In the transitional region, i.e. SRF ≈ 1 the maximal eA attained is a function of the nature of the SRF potential. Analytical expressions regarding the maximal eA in this intermediate regime can be found in Liu et al. (2015) . We use SRF to control the range of eA that can be achieved. Figure 4 shows the result of six different bifurcation diagrams that take different values of initial iBC and SRF . We see that indeed larger SRF implies lower maximum eA, and in the limit of high SRF (e.g. SRF = 20) the structure is almost identical to the circular case in Fig. 3 . For lower values of SRF we see that the locations of the chaotic excitations of iAB remains approximately the same, but the structure of the excitations is slightly different. First, it is evident that the non-adiabatic regime, R0
1 is devoid of quasi-periodic windows. Second, the inclinations near the chaotic transition R0 ∼ 1.5 is slightly lower. It is probably because some of the transferred angular momentum goes to changing the eccentricity eA rather than the inclination iAB.
In order to explore in more detail the effects of inner eccentric- ity on the chaotic dynamics of the misalignment iAB, we run extensive 2D bifurcation diagrams where we vary both R0 and SRF and record the maximal achieved inner eccentricities and inclinations. Figures 5 and 6 show the results of these 2D bifurcation diagrams for initial iBC = 85
• and 87
• respectively. We see that generally the chaotic excitations of iAB depend mainly on R0 and only weakly on SRF . Nevertheless, we see that for small SRF 1, the transition to fully chaotic misalignment is somewhat delayed (i.e., excitation of large iAB requires slightly larger R0). Finally, the top left zone in the right panels is the non-adiabatic regime, where LA is effectively precesses around LC (see Fig. 2 ) and the maximal inclination is iAB ≈ 2iBC,0. This is in contrast with the chaotic zone, where close initial conditions result in different maximal inclinations. We see that lowering the effect of SRF enhances the chaotic zone.
Weak chaos case
In addition to transition from adiabatic to chaotic regime, traces of weak chaos are evident for 0.4 R0 0.8, where the system exhibits chaotic excitations of iAB and eA (when SRF 1), but the chaos is marginal. Storch & Lai (2015) explain it as weak overlapping of the Nmax resonance with the (Nmax − 1)-th resonance, where Nmax ≈ 1/ AD (see their Eq. 47 and footnote 1). In our case, for given R0 there are many realizations with different values of SRF . In order to investigate further the dependence on SRF in the weak chaos region, we focus on this region and make additional zoomed-in bifurcation diagrams. Figure 7 shows the results of 600 runs sampled by 200 values of SRF ∈ [0.01, 10] and 3 values of R0 = 0.5, 0.55, 0.6. For two out of three values of R0, weak chaos is excited, but the final inclinations result in a bimodal distribution in max(iAB), regardless of SRF , with only few orbits achieving retrograde misalignments (iAB > 90
• ). The eccentricity, on the other hand, is distributed quasi randomly in the allowable region. Even for SRF 1 where the eccentricity is effectively quenched, the bimodal distribution of the inclination persists, and even more orbits achieve retrograde orbits. Figure 8 shows the kernel density estimation (KDE) of the chaotic orbits, confirming the bi-modality of the max(iAB) distribution. We use scipy.stats.gaussian kde python package to represent Gaussian kernels with automatic bandwidth determination.
APPLICATIONS
We demonstrate our results by examining possible hypothetical quadruple systems. Systems S1 and S2 describe Jupiter-like planets in a binary system with additional distant planet (S1) or in a triple stellar system (S2). Systems S3 and S4 describe exomoons of Jovian planets (S3) or Earth-like planets (S4) in binary stellar systems. For Jovian and Earth-like planets, the tidal Love number is roughly the same k2,1 = 0.37, 0.3, respectively (Anderson et al. 2016; Yoder 1995) , and typical J2 values are 1.47 · 10 −2 and 1.08 · 10 −3 , respectively. The full list of system parameters and architecture summarized in Table 1 . Fig. 9 shows the relevant dimensionless parameters R0 and SRF of systems S1-S4 as a function of the innermost binary separation aA. In all systems, the conservative tides are negligible compared to the rotational bulges on the planet. For systems S1 and S2, SRFs are effective for aA 1, 0.5AU, respectively. It is possible that in these systems, a migrating Jupiter with aA 1AU might be chaotically excited to high eccentricities and inclinations, a possible smoking gun for undetected wide companions (Hamers 2017b ).
In the weak chaos case, the bimodality of the inclination distribution could be imprinted on the final observed Hot and Warm Jupiter misalignment, as suggested by observations and detailed population synthesis studied (Anderson et al. , 2016 Petrovich & Tremaine 2016; Hamers 2017a,b) .
The right panel of Fig. 9 shows the range of the dimensionless parameters for system S3 (solid) and S4 (dashed). The planets must be at a distance larger than a few AU (Eq. 5) such that the distant perturber could excite the inner system via LK evolution of the planet (we took aB = 10AU for both systems). The induced Laplace radii are located ∼ 50 times the planetary radii, where most regular satellites lie. Inner satellites (aA 10Rp) could undergo chaotic evolution and excite their inclination, while their eccentricity will effectively be quenched. In turn this lead to highly inclined, circular, regular satellite systems.
SUMMARY
We have studied the secular evolution of orbital inclinations of hierarchical quadruple 3 + 1 systems. The dynamics of such systems is governed, a priori, by two dimensionless parameters (R0 and SRF ; see Eqns. 6 and 14). However, we found that the general behaviour of the the mutual inclination iAB is mostly determined by R0 (Eq. 6), the ratio of the secular LK oscillation time-scales of binaries AB and BC. The SRF strength, SRF (Eq. 14) affects the eccentricity excitation of the inner binary, but plays only a minor role in the excitation of iAB (see . We identify the following qualitative regimes.
The regular regimes include: (ii-a) the adiabatic regime, R0 1, where LA precesses around LB, maintaining a constant iAB, and (ii-b) the non-adiabatic regime, R0
1, where LA precesses around LC , maintaining a constant iAC . The chaotic regimes include: (ii-c2) the weak-chaos regime, R0 ∈ [0.4, 0.8], where intermittent windows of order and chaos intermix, and the chaotic excitations are somewhat limited, and (ii-c1) the chaotic regime, 1 R0 10, where the inclination evolution is complex. Our results are generally compatible with Storch & Lai 2015; Hamers et al. 2015 . Thus, the chaotic region in Hamers et al. 2015 (e.g. their Fig. 7) is indeed caused by resonance overlap. For strictly circular orbits, the case essentially the same as in Storch & Lai 2015 , where the stellar spin is replaced by an inner circular binary.
Allowing the inner binary eccentricity to grow does not affect the locations of chaotic regions in terms of the R0, but it does affect the final maximal inclinations. A weak SRF somewhat decreases the mean maximal inclination (Fig. 5 and 6 ) and the onset of non-adiabatic regime. In the weak chaos regime different SRFs drastically alter the inclination distribution to bimodal, regardless of the strength of SRFs. This bimodal distribution may have an imprint on the final misalignment of migrating Jupiters and exomoons in binary systems, regardless of their eccentricities.
Possible implications include the production of misaligned Warm/Hot Jupiters (see Fig. 9 , left panel) with the aid of an unseen wide second planet (system S1), or a wide tertiary stellar companion (system S2). In these cases, chaotic evolution could pump the eccentricity and inclination of the migrating Jupiter, much before SRFs are effective.
More importanty, if the inner binary is a planet and an exomoon, misaligned regular exo-moons in binary systems (S3 and S4; (see Fig. 9 , right panel) could be produced by our mechanism. In these cases, the exo-moons are well within the Laplace radius of the planet, hence they remain circular, but their misalignment angle evolves chaotically. Potential discoveries of tilted exomoons could put our mechanism into observational tests.
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APPENDIX A. Equations of Motion
We use the notation of Hamers et al. (2015) 
The secular evolution is given by the triple-averaged quadrupole Hamiltonian (see appendix of Hamers et al. 2015) and by the SRFs (e.g. Liu et al. 2015) deA dt = deA dt sec,AB + deA dt SRF (17)
The secular evolution is given by (e.g. Tremaine et al. 2009) 
Equations (19) and (20) are the vector form of the standard LK equations. The secular evolution of eB, j B is similar, only with the replacement A → B and B → C.
The evolution due to SRF results only in the precession of the eccentricity vector, namely
whereωSRF is defined in Eq. (7).
